The need to know the force exerted by moving body on ground of intriguing interplay between geometry and dynamics gives a possible introducing of gravitomagnetic (GM) field as an analogous to the magnetic field. The existence of such a field has straightforwardly been presented in two approaches based on special relativity (SR) only and SR plus gravitational time dilation (semi SR) for different cases. We treat these two approaches for when the cases are switched, using appropriate key points. Hence, we demonstrate that the strength of GM field in semi SR approach is twice SR approach. Then, we also discuss that the full linearized general relativity should give the same strength for GM field as semi SR, and hence, through an exact analogy with the electrodynamic equations, we present an argument for the best potential definition amongst those used in this issue.
Introduction
The analogous idea of the electric theory and the Newtonian gravitational theory inspiring a Maxwell-type gravitational theory is firstly dated back in the second half of the nineteenth century [1] , which was also explored by Einstein [2] . This idea was revived and extended by Sciama [3, 4] . Though, his theory was unfruitful for, e.g., the mass charge unlike the electric charge is not invariant nor additive [5] . The properties which are actually due to the linearity of Maxwell-type theories, as, also the linearized weak field of the Einstein general theory, in second approximation, presents [6] , this has even been demonstrated in several books as well, see e.g. Refs. [4, 5, 7] . Indeed, introduction of a gravitomagnetic (GM) field is unavoidable when one brings the Newtonian gravitational theory and Lorentz invariance together in a consistent framework. The Maxwellian features which originally have Machian base, see e.g. Ref. [8] . Besides, there are still other dissimilarities. Such as, not only negative mass charge has not been detected yet, rather like mass charges attract instead of unlike mass charges. Issues which, partially, have usually been stated as the weak version of the principle of equivalence, i.e. the gravitational field is coupling to everything, and or all forms of energy acts as sources of gravitational field.
Nevertheless, much more attraction, in the last two decades, has been extensively taken on this issue, see e.g. Refs. [9] - [11] and references therein, especially after that, contrary to Ref. [12] , the existence of GM interaction has been claimed on 1988 [13] and evidences for GM field have been suggested, see Refs. [7, 9, 14, 15] and references therein.
Actually, the need to know the force exerted by a moving body on ground of intriguing interplay between geometry and dynamics, as emphasized by Sciama [4] , gives a possible introducing of GM field as an analogy to the magnetic field. A fundamental idea that perhaps motivated two almost recent articles, Refs. [16, 17] , to present straightforwardly the existence of the gravitomagnetism, based on special relativity (SR), in special cases, for a large group of students. Indeed, in Ref. [16] , it has been shown from a moving infinite (long) line (MIL) of constant mass charge density analogous to the magnetic field from a straight current. Whereas, in Ref. [17] with the aid of gravitational time dilation, this has been demonstrated from a uniformly moving point mass (MPM) by considering its line element and comparing the resulted Lagrangian with the corresponding non-relativistic electromagnetic (EM) case.
The purpose of this article, for the same audience in mind, first is to match the two approaches of Refs. [16, 17] and then compare them with the results of the full linearized general relativity (LGR). Hence, in the next section, we will briefly iterate these two approaches, almost equivalently, but switching their cases, with appropriate key points, in order to match their works better. Implicitly, we refer to these two approaches as SR and semi SR (SSR) approaches, respectively. In Section 3, we will apply LGR to general cases and then will compare the results with short discussion and a suggestion for the best potential definition amongst those used for this issue in the literature. The necessary calculations have also been furnished in an appendix at the end of the article. Besides, we use space-time of signature −2 and set c = 1. Also, we employ the convention that lower case Latin indices run from zero to three, whereas the lower case Greek indices run from one to three.
Switching Cases
Firstly, following the approach of Ref. [16] , we consider a MPM with rest mass M and constant linear velocity v with respect to a frame of reference, S, along the positive x direction. Also, suppose a point test mass 1 m moving under the influence of M , which, without loss of generality, we assume it has the instantaneous 3-velocity u ′ = (0, u ′ y , 0) in the rest frame of M , S ′ , in x ′ y ′ plane.
In this rest frame, the 3-force on m is f ′ = (0, f ′ y , 0), where |f ′ y | = GM m/r ′2 and r ′ is the rest distance from m to M . Using the Lorentz transformation for the 4-force, i.e. F a = γ u (f .u; f ), the 3-force on m in the frame S is
where obviously γ = 1 √ 1−v 2 , r ′ = r, for a perpendicular direction of motion, and the negative/positive sign is for when m is above/under M , which is assumed to be on the x ′ axis. Also, note that obviously u x = v in this situation.
The force f x , which is needed to keep the velocity of m in this direction constant, is actually the gravitational analog of the magnetic force, i.e. f . In Ref. [16] , they benefited from the length contraction, and here, the key point is the concentration of the gravitational field lines in the transverse direction, see e.g. Ref. [18] . In order to find the gravitational analog of the electric force on m in S, we use the relation derived in various textbooks, e.g. Ref. [18] , for the electric field of a moving charge, therefore 2
Hence f
and therefore
This could be resulted from f (gm) = mu × B (gm) , where
is the GM field of MPM, or equivalently
1 A test mass is obviously a mass which experiences a gravitational field but does not itself alter the field or contribute to the field. 2 The notation E (g) has been used instead of the usual g field.
as expected for the electric analog.
In above considerations, in order to be consistent with the approach of Ref. [17] , we should take the velocity v to be much smaller than the velocity of light. However, this assumption just emphasizes that these results are unobservable.
Incidentally, considering the test mass m as positive mass charge, the direction of B (gm) found in both cases are as if the moving mass charges are negative in analogous to the electric charge case.
Secondly, we follow the approach of Ref. [17] and consider a point test mass m moving perpendicularly toward a MIL of constant rest mass charge density λ, under the influence of its gravitational field in the rest frame, S ′ . The MIL is assumed to move along its line direction, as x axis, with constant velocity v ≪ 1 with respect to a frame of reference, S.
The motion of m is determined by δ (−m)ds = 0. As in Ref. [17] , one can use the fact that in a weak gravitational potential, the line element, in the SSR approach is given by
In the case of Ref. [17] , the used weak field potential was obviously asymptotically free, as required. Here, the key point is to maintain this assumption radially for the gravitational field from a long line. This task is accomplished in the Appendix.
Hence,
. Using the Lorentz transformation for very small v, one gets
where φ ≃ φ ′ in the first order approximation. As Ldt = −mds, one gets
Now, we assume the non-relativistic case where v ≪ u ≪ 1 and φ ∼ u 2 , hence, Eq. (8), neglecting a constant term −m, reads
Compare it with EM analog, one can deduce 3
Incidentally, using the weak potential for MIL, derived in the Appendix, Eq. (31), one gets
3 Here, the vector potential does not explicitly depend on time.
Despite a factor of two, Eqs. (10) and (11) are equivalent with Eqs. (6) and (5), respectively. In conclusion, comparing Eqs. (6) and (10) with the corresponding results of Ref. [17] and Ref. [16] , respectively for the same case, it shows that the strength of GM field obtained in the SSR approach is twice the SR approach, as we expected.
Linearized General Relativity and Discussion
In this section, we consider the full linearized of the Einstein general relativity in following two methods. Firstly, as mentioned in Ref. [17] , we employ 4 ds 2 = (1+2φ ′ )dt ′2 −(1−2φ ′ )(dx ′2 +dy ′2 +dz ′2 ) in the rest frame and extract GM field, using SSR approach, from the Lagrangian of the system for small quantities analogous to EM case. Hence, for general cases including both examples of MIL and MPM, the metric is
With similar calculation, we get
Interpreting this result, in comparison with the light deflection by a mass, where SR explains only one-half of the deflection, Ref. [17] concludes that the effect of space curvature to GM field is equal to the effect of gravitational time dilation. But, on the other hand, the analogy of the Lagrangian (13) with the corresponding classical EM case, which is not already affected by space curvature, is questionable and doubtful. Therefore, we speculate that correct result out of the full linearized equation should be as Eq. (10), though the equality of the effect of space curvature and gravitational time dilation looks to be legitimate. In following method, we emphasis on this noticeable point in order to present the best potential definition amongst those used in the literature. Besides, the existence of the term −mφu 2 in Eq. (13) justifies the problem in applying the analogy with EM.
Secondly, we apply the weak field approximation, g ab = η ab + h ab with |h ab | ≪ 1, and the definitionh ab = h ab − 
where ≡ η ab ∂ a ∂ b . This equation is the analogy of EM potential equation, i.e. A a = 4πj a . We get |h 00 | ≫ |h αβ | and |h 0α | ≫ |h αβ |, hence neglect h αβ . Definingh
where k 1 and k 2 are constants, the gauge condition reads
Also, if the gravitoelectromagnetic fields are defined as
the gravitoelectromagnetic equations will be
An exact analogy with the corresponding EM case, i.e. the Lorentz gauge and the Maxwell equations, leads to k 1 = k 2 = 4. This choice is a self consistent with the special solution of Eq. (15), i.e.
where T 00 = ρ and T 0α = j α , the matter density and current, as expected. Now, as Eq. (12) for the weak field approximation givesh 0α = h 0α = −4φv α = 4φv α , hence one obtains
But, as mentioned before, in order to get
one must replace φ, as effective gravitopotential, by 2φ of EM analog. This, as discussed before, can be better justified by, again, the analog that has been taken between the full linearized equation, which includes space curvature, with the classical EM situation. That is, one should count for the lack of the effect of space curvature in EM. Such a replacement has also been performed in the literature, see Refs. [9, 11, 14, 20] , based on the fact that the linear approximation of GR involves a spin-2 field whereas the electrodynamics involves a spin-1 field. Thus, they have considered GM charge twice gravitoelectric charge. Implicitly, Eq. (12) givesh 00 = 4φ andh αβ = 0, as we have assumed. Also, the gauge condition (17) for the case of Eq. (21) with φ not explicitly depends on time leads to v · E (g) = 0, which is true in the cases we have employed.
On the other hand, as used in the literature [9, 11, 20, 21] , if one sets k 1 = 4 and k 2 = 2, the same result, Eq. (22), will be obtained. 5 However, with this choice, the compensation is that appearances of EM equations analog are altered by a factor of one-half. Though, these are also justified by the interpretation of the effective GM charge, but the noticeable point, that we mentioned before, has not been clarified.
Also, choice of k 1 = 4 and k 2 = 1, results in Eq. (14), but, despite the interpretation made by Ref. [17] , we doubt this to be a correct analogous.
Appendix
A most general cylindrical symmetric static metric in four dimension, with signature −2, can be written in the canonical form, in a frame of reference, as 6
where the existence of a function U (ρ) and the factor of two in the exponentials are for later on convenient. The unknown functions F (ρ), H(ρ) and U (ρ) can be determined using the Einstein vacuum equations. After calculations, we get the following differential equations
5 Note that, sign differences are due to sign conventions. 6 Note that, the z direction in this Appendix corresponds to the x direction in the text.
where the prime is the derivative with respect to ρ. Eqs. (24) can easily be derived to get
where F 0 , U 0 , H 0 , a and b are constants of integration, and where Eq. (25) gives a relation between them, i.e.
2(F
This is actually due to the contracted Bianchi identities, with which Eqs. (24) and (25) are not all independent. For weak gravitational field, one can assume F 0 and U 0 to be small. Hence, neglecting the term F 0 U 0 in Eq. (27), one gets F 0 ≈ −U 0 . In this approximation, the line element (23) reads
where
In a local frame of reference, using the Lorentz transformation between inertial frames, x → x, y → y, z → γ(z − vt), t → γ(t − vz), one gets
where we have neglected the third order terms containing v 2 F 0 . Now, we use the above results for the case of MIL. First of all, our priori assumption that the space-time would be static can be justified by constant linear velocity of MIL. Besides, it is also clear that a static spacetime can be evident only in its adapted coordinate system, and not in a general coordinate, e.g. Eq. (29).
In order that the metric satisfies the fact that, in the radial direction, it must be asymptotically flat, we assume the following simple case of b = a and h 0 = 1, hence the metric (29) reads
The metric (30) obviously, for the radial distance ρ = a, gives the Minkowski flat metric, henceforth, to comply with physical facts we assume this should be true for when ρ > a as well, i.e. a cut off has been applied. That is, a must be a sufficiently large perpendicular distance from the line where, from and beyond it, the gravitational field must tend to zero. 7 Therefore, the metric (30) is valid for when ρ ≤ a.
To determine F 0 , we note that the gravitational potential for a rest long line mass charge density λ, is φ ′ = φ ′ 0 + 2Gλ ln ρ. Choose, φ ′ 0 = −2Gλ ln a, and amend equations for when line is moving, i.e. replace λ → γλ. For the weak field case, where g 00 = 1 + 2φ, one obtains F 0 = 2Gλ/γ. That is, the metric for MIL case in the frame S, for when ρ ≤ a, is given by
